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HECKE ALGEBRA CORRESPONDENCES 
FOR THE METAPLECTIC GROUP 

SHUICHIRO TAKEDA AND AARON WOOD 


Abstract. Over a p-adic field of odd residual characteristic, Gan and Savin proved a cor¬ 
respondence between the Bernstein components of the even and odd Weil representations of 
the metaplectic group and the components of the trivial representation of the equal rank odd 
orthogonal groups. In this paper, we extend their result to the case of even residual charac¬ 
teristic. 


Introduction 

Fix a nonarchimedean local field k of residue characteristic p and characteristic different from 
2. Let W be a non-degenerate symplectic space over k of dimension 2 n and Sp(VF) the 2-fold 
metaplectic cover of Sp(W). For an additive character %p of k , let be the Weil representation 
of Sp(W), which decomposes into its even and odd constituents, ui^ ® In the category 

of genuine, smooth representations of Sp(W), let be the component containing uj±. 

Consider quadratic spaces of dimension 2n + l with trivial discriminant, where V + has the 
trivial Hasse invariant and V~ the non-trivial one. Then, SO(V + ) is the split adjoint group of 
type B n and SO(V - ) is its unique non-split inner form. In the category of smooth representations 
of SO(U ± ), let <S^ be the component containing the trivial representation of SO(U ± ). 

Let e be + or .In |GS2j . Gan and Savin proved an equivalence of categories between and 
5 q assuming p ^ 2. The aim of this paper is to extend their result to the case of even residual 
characteristic. 

We follow their general strategy of exploiting minimal types of the Weil representation to 
define a Hecke algebra H showing that the category is equivalent to the category of H^ - 
modules, and giving an isomorphism between H ^ and the standard Iwahori-Hecke algebra of 
SO(V e ). 

A key ingredient for extending their result is an analysis of the A'-types of the Weil represen¬ 
tation in arbitrary residual characteristic which was carried out by Savin and the second-named 
author in [SW j. We also employ the machinery of Bushnell, Henniart, and Kutzko in Bilk to 
compare the Plancherel measures induced from the respective Hecke algebras. More explicitly, 
the layout of the paper is as follows. 

§1. We introduce notation and summarize some relevant background material. 

§2. We describe a minimal type for an open compact subgroup and compute the corresponding 
spherical Hecke algebra H We give an isomorphism between H ^ and the standard Iwahori- 
Hecke algebra H e of SO(V e ). We show that the isomorphism H^ = H e is, in fact, an iso¬ 
morphism of Hilbert algebras with involution, thus giving a coincidence of induced Plancherel 
measures under suitable normalization. A corollary of this result is that the correspondence 
of Hecke algebra modules preserves formal degree. 


l 
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§3. We prove that the category of if^-modules is equivalent to the category Q%, thus giving the 

desired equivalence of categories = Sq. From the theory of Plancherel measures, we deduce 

that this equivalence preserves the temperedness and square-integrability of representations. 
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1. Preliminaries 

Throughout the paper, k is a nonarchimedean local field with residual characteristic p; we 
allow for arbitrary residual characteristic but assume that the characteristic of k is different from 
2. Let O and vo be the ring of integers and a chosen uniformizer, respectively. Denote by q the 
cardinality of the residue field and by e the valuation of 2 in k. If p = 2, then e is the ramification 
index of 2; otherwise e = 0. Let ip be a non-trivial additive character on fc; for convenience, we 
assume that ip has conductor 2e, i.e., that 4 O is the largest additive subgroup of O on which ip 
acts trivially. 

For a vector space V over k, we denote by S(V ) the Schwartz space of smooth, compactly 
supported, C-valued functions on V. We denote the subspaces of even and odd functions in S(V) 
by S(V) + and S'(F) _ , respectively. 

1.1. The symplectic group Sp(W). Let W be a non-degenerate symplectic space of dimension 
2 n with basis {ei,..., e„, fi,..., f„}, where () = 0 = (fj,fj) for all i,j and (e^f,-) = Sij. 
The symplectic group Sp(TF) is the group of invertible transformations of W which are invariant 
under the symplectic form. The decomposition W = X + Y, where X is the span of the e, and 
Y is the span of the f; is a polarization of W. 

Let E = {±£i ± ej : 1 < i < j < n} U {±2ej : 1 < i < n} be the root system of Sp(VF), where 
Ei has the usual meaning as a character on a maximal torus. We take A = {au,..., a n } to be 
the set of simple roots, where a n = 2e n and = e* — Cj+i otherwise. 

Let E a = {a + m : a € E, m £ Z} be the set of affine roots; the affine action of E a on the 
maximal torus is given by (a + m)(h) = a(h) + m. We take A a = A U {ap} to be the set of 
simple affine roots, where «o = — 2ei + 1. 

For each affine simple root a*, let s* be the corresponding affine simple reflection. The Weyl 
group 12 is the group generated by the simple reflections si,... ,s n . The affine Weyl group 
is the group generated by the affine simple reflections sq, Si, ..., s n ; it is the semi-direct product 
fl a = Dfl of a translation group D and the Weyl group. Both H and are Coxeter groups 
whose braid relations are given according to the following Coxeter diagram. 

• •-•— • ■ ■ — » ♦ 

So ^1 S 2 S n 

For each root a G E, we fix a map 4> a : SL 2 (fc) —> Sp(VF) such that the images of the unipotent 
upper and lower triangular matrices in SL 2 (fc) are the root subgroups of Sp(W) corresponding 
to a and —a, respectively. For each affine root a + m € E a , we define the map $ a +m : SL 2 (fc) —»• 
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Sp(iy) by 


we write 


*&a+m 

%<y.-\-m (^) — ^CK+m 
^a+m(^) = ^ a-\-m 
^a+m (^) = ^CK+m 





^=a: a (a7 m t) (t £ fc), 

o) = Wa ^ mt ') e fcX )> 

(o t -i)=M*) (t£k x ). 


We take the element w ai (1) as a representative in Sp(W) of the simple affine reflection s,;. 
We will frequently use the same notation to refer to an element w = • • • s,; r in Sl a and its 

representative w = w ai (!)••• w air (1) in Sp(VF). 


1.2. Open compact subgroups of Sp(IF). For i = 0,..., n, we define the lattice 

C,i — Span 0 {ei,..., e n , zufi ,..., zuf-i , f)-j-i, • • ■, f n }. 

The stabilizer /Q = {j£ Sp(W) : gCi C £;} is a maximal open compact subgroup of Sp(W); it 
is the group generated by those $ Qj . (O) for which j ^ i. Every maximal open compact subgroup 
of Sp(W) is conjugate to one of the Ki. 

The intersection of Kq, ... ,K n is an Iwahori subgroup I. The double cosets in I \Sp(W)/1 
are parameterized by the affine Weyl group; namely, each /-double coset is of the form Iwl for 
some w € fl 0 . The number of /-single cosets in Iwl is 

[Iwl : /] = q l{w \ 

where I is the length function on H a . 


1.3. Metaplectic group and the Weil representation. For a polarization W = X + Y, the 
Schwartz space S(Y) realizes the unique (up to isomorphism) representation of the Heisenberg 
group with the central character ip. Via the action of Sp(W) on the Heisenberg group, gives 
a projective representation of Sp(VF) which lifts to a linear representation called the Weil 
representation, of the central extension Sp^W) of Sp(W) given by 

1 ->• C x -> Sp'(W) -»• Sp(W) -»• 1. 

It is a theorem of Weil that the derived group of Sp'(VF) is the 2-fold cover Sp(W) of Sp(W) and 
that uty is a faithful representation of Sp(W). 

For each subgroup H C Sp(W), we denote its preimage in Sp)!! 7 ) by H. For each root a, the 
element x a (t) canonically lifts to an element x a (t) in Sp(W). We may therefore define lifts of 
w a (t) and h a (t) via the formulas 

Wait) = Xai^X-ai-K^Xait), 

h a (t ) = W a {t)w a {- 1). 

We will take w ai {l) for a representative in Sp(W) of the affine simple reflection Sj. We will 
continue to abuse notation when referring to an element of Q, a or its representatives in either 
Sp(W) or Sp(W). 
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1.4. Minimal types of the Weil representation. Realized as a representation of S(Y), the 
Weil representation decomposes into the sum of even and odd functions, ui^ ©uG~ ■ We consider 
the lattices L* = £j fl Y. As computed in [SWl . A^ acts on r, = S(L 0 /2Li), viewed naturally as 
a subspace of S(Y). 

The space To consists entirely of even functions and is an irreducible Ao-module. Otherwise, 
as a A'i-module, t* decomposes as © t ~ . Each rf admits a tensor product structure, 

rf = 5(Ofi/2®C>f 1 ) ± © ■ • • © S{Oi l /2mOi i ) ± © S(Oi i+1 /2(Df i+1 ) © ■ • • © S(0f n /20i n ), 
hence the dimension of rf~ is \q en {q l ± 1). Note that r* C Tj+i for 0 < * < n. 


1.5. Spherical Hecke algebras. We summarize some generalities on Hecke algebras found in 
fOS2l . 

Let G be a totally disconnected topological group and K C G an open compact subgroup; fix 
a Haar measure dg on G. For an irreducible, finite-dimensional representation (a, V a ) of K , let 
(a*,V*) be its contragredient representation and define the cr-spherical Hecke algebra by 


H(G//H;a) 


| f-G^ End (1C) : 


/ is smooth and compactly supported, 
f(kigk 2 ) = cr* (k\) f (g)<7* (k 2 ), for k t G K,g G G 


it is an algebra under convolution with an identity element which we denote 1 CT . 

For a smooth representation (t, 14) of G, consider the space (14 © V*) K of A'-fixed vectors 
in 14 © V*; this space admits a natural action of H(G//K;a) by 


7i-(/)(u©e)= / n(g)v © f(g)e dg, 

Jg 

where v © e G (14 <8>V*) K and / G ki{G // K; a). 

Let r be an open compact subgroup of G containing K; assume that the index [r : A'] is finite. 
We consider T~L(T//K-,a) as a finite-dimensional subalgebra of ~H(G//K] a) via 

n(T/lK- a) = {/ G -H(G//K ; a) : supp(/) C T}. 


We have a natural isomorphism L : A(T //K-,a) —^^Endr(IndC((r*)) given by 


(■ L{f)4>){g ) = f(.h)(f>(h l g) dh 

for / G r H(J'//K]<j), (j) G IndJ-(cr*), and g G T. 

Suppose that (n, 14) is an irreducible, smooth, finite dimensional representation of T such that 
(14 <S>V*) K ^ 0. Then (14 © V*) K is a simple H(T//K ; cr)-module via the action of H(G//K] a). 
Now assume H(T //K;a) is commutative. Then (14 © V*) K is one dimensional, and the action 
of H(T//K; a) factors through a maximal ideal m C 'H(T//K] a). Moreover 

IndC(cr*)/ (L(m) • IndCK)) = tt*. 

Therefore if (ni, V \),..., (tti, V r ) are the irreducible representations (up to isomorphism) of T 
such that (Vi ®V*) K C Oj then we have 

IndC(cr*) =tt* ©•••©<. 

For each / G 'H(T//K\a), the trace of L(f) is Aidi H-h A r d r , where di = dim V) and \ = n d(/)- 

If / is not supported on K, then the trace of L(f) is 0. The case of r = 2 is summarized by the 
following lemma. 
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Lemma 1.1. Suppose that dim"H(r //K;a) = 2 with T G TL(T//K;a) not supported on K. Let 
{'KijVi), fori = 1,2, be the two irreducible representations (up to isomorphism) of T such that 
(Vi ®V*) K ^ 0. Write di = dim V, and A i = n.i(T). Then, 

1 . Aidi + A2<i2 = 0; 

2. the dimension o/Ind^-(a*) is d = di + d 2 ; 

3. the minimal polynomial of T is (T — Xi)(T — A 2 ) = 0. 


There is additional structure on TL(G // K ; a ), namely the *-operation, f*(g) = fig -1 ), and 
the trace operation, tr(/) = /(1). Following iBHKl §4.1], H(G//K\ a) is a normalized Hilbert 
algebra with involution f f* and scalar product 




vol (K) 
dim <7 


tr(/r/2)- 


This structure yields a Plancherel formula on Tl(G//K; a): there is a positive Borel measure fj, a 
on the C*-algebra completion C*(K,a) of Tl(G//K;a) such that 


[/, U] = f tr 7r(/) d/i (T (7r). 

JC*{K,a) 


Note that depends on the chosen Haar measure of G. 

We now consider this situation for two groups, G 1 , G 2 . Fix an open compact subgroup 
Ki C Gi, an irreducible smooth representation Oi of Ki , and a Haar measure pi of Gi. Let fii 
be the Plancherel measure on Gi with respect to the Haar measure pp following the notation of 
jBHKl we denote by r Gi the support of jli. We write r Gi(ai) for the subspace of r G, consisting 
of the representations n for which (n ® a*) K ’ ^ 0. 

From [BHK ; §5.2], if we have an isomorphism of Hecke algebras 


a : H(Gi//A' i;( ti) —¥ H(G 2 //K 2 ; a 2 ) 


such that 


1- a(f*) = a(f)*, and 

2. tr(/) = 0 implies tr (a(/)) = 0, 

for all / £ 1-L(G\//K\\o\), then it is an isomorphism of Hilbert algebras. In this situation, we 
can apply [BHK1 Cor. C, p.57]. 


Lemma 1.2. An isomorphism 

a : H(G 1 //K 1 -,a 1 )^'H(G 2 //K 2 -a 2 ) 
of Hilbert algebras induces a homeomorphsim 

a : r G 2 (a 2 ) —> r G i(cri) 


such that 


Ti (Ki) 

dim (7 1 


P!(a(S)) 


P2(K 2 ) 
dim (7 2 


fo(S) 


for any Borel subset S of r G 2 (a 2 ). 


In the latter sections, we will apply this lemma with Gi = Sp(IF). Strictly speaking, the 
groups considered in IBHK] are connected, reductive fc-groups; however, there is no obstruction 
in extending this result to the metaplectic group. 
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2. HECKE ALGEBRA ISOMORPHISMS 

In this section, we define our Hecke algebras of Sp(VF) and show that they are isomorphic 
to the affine Hecke algebras H ± of SO(H ± ). 

2.1. Hecke algebra of SO(H + ). Let V + be a quadratic space of dimension 2n + l with trivial 
discriminant and trivial Hasse invariant; then, SO(H + ) is a split, adjoint, orthogonal group 
of type B„. Let I + and 0+ denote its Iwahori subgroup and affine Weyl group, respectively. 
The standard Iwahori-Hecke algebra is the set of smooth, compactly-supported / + -bi-invariant 
functions on SO(H + ), 

H+ =H(SO(H + )///+;l). 

For each w £ fl+, take U w to be the characteristic function on the double coset I + wI + . The 
collection {U w } forms a basis of H + as a vector space. As an algebra, H + is generated by 
elements Uq, ..., U n , and cr, where [/,; = U Wi for Wi a simple affine reflection in S2+, and cr is the 
outer automorphism which exchanges the nodes on the Coxeter diagram corresponding to Uq 
and U\. The quadratic relations for the Ui are 

(Ui + l)(Ui-q)=0, 

and the braid relations are given by the affine diagram of type B n . 

U 0 



For details, see [IM1 §3]. 

Noting that cr 2 = 1 and aU\a = Uq, we see that Uq is abstractly unnecessary as a generator. 
Hence, H + is generated by a, U±, ..., U n subject to the quadratic relations, 

(cr + 1 )(ct - 1) = 0 and (Ui + 1)(C7* - q) = 0, 
and the braid relations given by the affine diagram of type C„. 

* Ul UT * {/n 

2.2. T 0 -spherical Hecke algebra of Sp(kF). The restriction of the minimal type r 0 from K 0 
to the Iwahori subgroup / remains irreducible as proven in lSW] . In this section, we comput the 
ro-spherical Hecke algebra 

H+ = n(Sp(W)//I-,T 0 ). 

Theorem 2.1. The Hecke algebra H+ is generated by invertible elements To, T\,... , T n , satis¬ 
fying the quadratic relations 

(T 0 + 1)(T 0 - 1) = 0 and (T t + l)(T t - q) = 0 fori^O, 
and the braid relations of affine diagram of type C n . 



In particular, is abstractly isomorphic to H + . 

Furthermore, this isomorphism is an isomorphism of Hilbert algebras, and if the Haar measures 
on Sp(kF) and SO(H + ) are respectively normalized by 

vol(I) = dim(ro) = q en = |2| _n and vol(/ + ) = 1, 
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then the Plancherel measures on H^ and H + coincide. 

Proof. We prove this theorem by investigating the structure of some 2-dimensional Hecke subal¬ 
gebras. For i = 0,..., n, we define 

7 = 7u TsJ, 

and we take Ht i to be the subalgebra consisting of elements supported on /,; that is, 

H+ i = H(liJ/l-,Tr } ). 

This subalgebra is at most 2-dimensional and is isomorphic to Endj. (Ind~ (tq )); it is exactly 
2-dimensional if and only if the induced representation is reducible. Working in the dual setting, 
Frobenius reciprocity guarantees that the space ro,j, generated by the action of /,; on To, may 
be realized as a submodule of Ind~ (t 0 ), so it suffices to verify that it is a submodule of strictly 
smaller dimension. Since 

d = dim (Ind~ (r 0 )) = dim(r 0 ) • [7* : 7] = q en (q + 1), 

and 


T’Oji — 


r 0 if 0, 
t, + if i = 0 


d\ = dim(To.i) = 


if i ^ 0, 


\q en {q + 1) if i = 0, 


we see that Ind~ (tq ) is indeed reducible. 

Therefore, there is an element Ti of i C H^ which is supported precisely on Isil. In order 
to normalize Ti and to compute its quadratic relation, we consider the decomposition 

Ind~ (Tq ) = TTi ® ttJ, 

where 7r* = Tq i has dimension d\ and has dimension 


do = d — di = 


f n+1 if i ^ 0, 


{^q en (q + 1) if * = 0. 

We normalize Ti to act by A 2 = —1 on Td; and by Ai on tJ'. Using Lemma 11.11 we have 

q if * / 0, 

1 if i = 0, 

giving the desired quadratic relation (Tj + l)(Tj — Ai) =0. The invertibility of Ti follows from 
its quadratic relation; explicitly, 

T~ 1 = T 0 and T~ x = q~ x {T t - q + 1) for * ^ 0. 

Suppose that we have a braid relation 



SiSj * — SjSi 

in U a . Then each of the Hecke algebra elements T{Tj ... and TjTi ... is supported on the same 
/-double coset. From the normalization of the T, each of these elements must act on (to <g> Tq ) 7 
in the same way. Whence 

TTj ■■■ = TjTi ■ ■ ■ . 

Therefore, the braid relations for the T are the same as those for the Sj, so any minimal expression 
w = Si r ■ ■ ■ Si r defines a Hecke algebra element T w = T Sl ■ ■ ■ T Sr supported on Iwl. From the 
quadratic and braid relations, we have an explicit isomorphism H~ —>• H + given by 

To H► a and Tj i-a Ui for i 7^ 0. 
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Next let us show that this isomorphism is an isomorphism of Hilbert algebras. As each Hecke 
algebra is supported on its respective affine Weyl group, we have that 




and 


so the trace-zero property is clearly preserved. For w € f2+, the / + -double cosets of w and 
u> -1 are equal, so the ^-operation in H + satisfies U* = Ui, and hence, U* = U w -i. In , we 

have that T* and T t are both supported on Isil , so T* acts on Tq by a constant. For 0 G Tq, 
\(j>, T*(j>\ = [Ti(j>, 4>\, so T* and T* must act by the same constant. Thus, T* = T* and T* = T w - 1 , 
so the ^-operation is also preserved. Therefore, the isomorphism = H + is an isomorphism 
of Hilbert algebras. 

From the normalization given in the statement of the theorem, the preservation of the Plancherel 
measures follows immediately from Lemma 11.21 □ 

Corollary 2.2. The isomorphism H+ = H + preserves the formal degree of the Steinberg repre¬ 
sentations of the respective Hecke algebras. 

Remark. If p ^ 2, then the proof for the isomorphism H= H + is essentially the one given in 
[GS2| . One notable difference is in the specific normalization of Hecke operators, which is always 
a delicate issue. In [GS21 . they work in the central extension Sp(kF)s of Sp(W) by the 8th roots 
of unity and normalize the generating Hecke operators to act on certain lifts of affine reflections 
in a specified way. We have opted to normalize the generating Hecke operator T* to act by —1 
on the irreducible representation not containing the minimal type Tq . 

The other notable difference is the implementation of the theory of induced Plancherel mea¬ 
sures from [BHK] . In jGS2l , they show directly that the formal degrees of the respective Steinberg 
representations coincide. This computation is avoided here because it follows from the more gen¬ 
eral coincidence of the induced Plancherel measures. 

Remark. Assuming k = Q 2 , an isomorphic Hecke algebra is constructed in [W] by finding a 
1-dimensional type for a subgroup of I. This construction extends to the case where k is an 
unramified extension of Q 2 but does not appear to work for ramified extensions. 

Remark. A change in conductor if will yield an identical isomorphism of Hecke algebras using 
essentially the same arguments. If the conductor is even, the minimal type tq is isomorphic 
to the one used here, so the computation of the Hecke algebra will be virtually identical. 
If the conductor is odd, the minimal type r n is isomorphic to the one employed here, so the 
computation of the Hecke algebra will require some modification, primarily in notation. 

2.3. Hecke algebra of SO(F“). For the remainder of the section, we suppose that n > 2. 
Let V~ be a quadratic space of dimension 2n + 1 with trivial discriminant and non-trivial Hasse 
invariant; then, SO(F _ ) is the non-split inner form of SO(F + ). Let I~ be the Iwahori subgroup of 
SO(F“), which is the pointwise stabilizer of a fundamental chamber in its Bruhat-Tits building, 
and f l~ its affine Weyl group, which is generated by reflections sf. ,s~ subject to the braid 
relations of the affine diagram of type C n _i. 



s', 


n 


The standard Iwahori-Hecke algebra is the set of smooth, compactly-supported I -bi-invariant 
functions on SO(V - ), 


H~=H( SO(F-)///-;l). 
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For each w £ , let U w be the characteristic function on the double coset I~wl~. The 

collection {U w } forms a basis of H~ as a vector space. As an algebra, H~ is generated by 
U\, ..., U n , where Ui = U s - . These generators satisfy the quadratic relations, 

(Ui + l)(E/i - q 2 ) = 0 and (Ui + l)(f/j - q) = 0 for i 1, 
and the same braid relations as the s~. See IGS2I or |TI] for details. 

2.4. rf -spherical Hecke algebra of Sp(lT). We define the open compact subgroup J C Sp(lF) 
to be the full inverse image of 

n 

J=f]K i = IU Iw 0 I , 

2=1 

and consider the restriction of to J. The group J contains the metaplectic preimage of the 
subgroup 

< b-2ei + l ( SLi2((9)) X- In- 1, 

where I n -\ is an Iwaliori subgroup of the symplectic group of type C ra _i. From |SWj . each 
component of this direct product acts irreducibly on the corresponding component of the tensor 
product 

rf = S(0/2w0)~ <g> S(0 n - 1 /20 n ~ 1 ), 

hence the restriction of ti to J must remain irreducible. In this section, we compute the t^~- 
spherical Hecke algebra 

=n(Sp(W)//J;rn. 

We define H' a = (s^,..., s' n ) C fi a , where 

g , _ f if i 1 

[ S 1 S 0 S 1 if i = 1. 

The reflection corresponds to the affine reflection s_ 2 e2 +i: hence H' a is isomorphic to the affine 
Weyl group of type C„_i, i.e., to We have the following lemma, the proof of which is only 
a slight modification of the proof in [GS21 Lemma 10]. 

Lemma 2.3. The support of is contained in JQ' a J. 


Proof. Fix / e H^ and w £ fl a - Write w = aa, where a £ Q and a is translation by (ai,..., a n ). 
As J = I U Is 0 I, we have that w and sow represent the same J-double coset, so it suffices to 
show that f(w) 0 implies that either w or sow is in f V a . 

We recall two facts about the Weil representation on S(Y ): 

1. for all a £ E, we have X- a (u)cj> = <fi if and only if x a (—u)(t> = </>\ 

2. for a = 2ej, we have x a (u)4>(y) = i/>(mj/|)0(i/). 

Together, these give us the following criteria: 


x a (u) £ kenq if and only if 


u £ 4 O if a ^ —2ei, 

u £ 4ro 2 0 if a = —2ei- 
The element w conjugates the root group of ao to the root group of j3 + to, where 
(3 + m = w(a o) = cr _1 (—2ei) + (1 - 2cn). 


Hence, w or sow is in f V a if and only if /3 + to ^ ±ao- 
Let t £ 40 be such that 
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First suppose that m > — 1 and /3 ^ — 2ei or that m > 1 and (3 = —2e\. Then, xp+ m {t) € kenq 
and x ao (4) £ ker rf , hence 

f(w) = f(w)(Ti)*(xp +m (t)) = f(wxp+m(tj) = f(x aa { 4)w) = (rf )* (x ao (4)) f(w), 
giving that f{w) = 0. 

Now suppose that m < 1 and (3 ^ 2ei or that m < — 1 and (3 = 2ei. Then, x-p- m (t) G ker r-f 
and 'E_ o , 0 (4) ^ kerr-f, hence 

/M = f(w)(T^)*(x-p- m (t)) = f(wx-p-m(t)) = f(x- ao {4)w) = (rf )* (z_ ao (4))/(w), 
giving that /(w) = 0. 

In sum, if /(w) ^ 0, then f3 + to must equal ±ao, and the lemma is proved. □ 


Theorem 2.4. The Hecke algebra is generated by invertible elements T\,... ,T n , satisfying 
the quadratic relations 

{T\ + l)(Ti — q 2 ) = 0 and (T n + l)(T n - q) = 0 for i ^ 0, 
and the braid relations of the affine diagram of type C n -±. 

’I T 2 * T n 


In particular, H ^ is abstractly isomorphic to H . 

Furthermore, this isomorphism is an isomorphism of Hilbert algebras and if the Haar measures 
on Sp(kF) and SO(H _ ) are respectively normalized by 

vol(J) = dimrj - = Iq en (q — 1) and vol (I~) = 1, 


then the Plancherel measures on H^ and H coincide. 


Proof. This proof is similar to the proof of Theorem 12.11 We investigate the structure of some 
2-dimensional Hecke subalgebras in order to see that HT is supported exactly on JSl' a J. For 
i = 1,..., n, we define Ji to be the group generated by J and Js[J. 

If i 1, then Ji = J U Jsi J , hence [ Ji : J) = q + 1; for the case i = 1, we note that J\ is the 
union of those Iwl for which w is in the group generated by sq and si, hence 


[Ji : J\ = 


[Ji'-I] 
[J:I} 


1 + 2q + 2q- + 2 q 3 + q 1 

1 +q 


1 + q + q 2 +q 3 . 


We take H^ ■ to be the subalgebra of H^ consisting of elements supported on Jp, that is, 


Hf,pH{JiH J] rf). 


This subalgebra is at most 2-dimensional and is isomorphic to Endj (lnd~ (t ± )*). 

Let rfi be the space generated by the action of J,; on rf. We note that if i / 1, then = rf 
since each of S 2 ,..., s n preserves the lattice associated to rf. However, since J\ includes Is±I and 
since si acts essentially by permuting the first two coordinates of S(Y), we have that = rf. 
To see that Hf ,■ is exactly 2-dimensional, we work in the dual setting and note that 


d\ = dim i = 


dim(r 1 ) 
dim(r 2 _ ) 


if i ± 1, 
if * = 1 


\q en {q- 1) if * 9^1, 

\q en (q 2 - 1) if i = 1 
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is strictly smaller than 

if * / 1 , 
if i = 1. 

on JsiJ. We consider 

the decomposition 

Indj* (rf)* = 7T* ® tt 2 , 
where 7r^ = has dimension d\ and has dimension 


d = dim (Ind~ (r x )) = dim(r 1 ) • [ Ji : J] = 


\q en {q 2 - 1 ) 
h en (q A - 1 ) 


Therefore, for i = 1 ,... ,n, there exists T t £ H ^ supported precisely 


\q en {q 2 -q) if * ^ 1 , 

±q en (q 4 -q 2 ) if i = 1 . 

We normalize Tj to act by A 2 = — 1 on and by Ai on Using Lemma 11.11 we have 

q 

q 2 if i = 1 , 

giving the desired quadratic relation (T* + l)(Tj — Ai) =0. The invertibility of T* follows from 
its quadratic relation; explicitly, T ” 1 = AJ~ (T — Ai + 1). 

The proof of the braid relations mimics the proof of Theorem 12.11 with J instead of /, rf 
instead of r 0 , and il' a instead of fl a . We note that computations involving J-double cosets 
involve a weighted length function £' on £Y a , defined by setting = 3 and U(s') = 1 if i 7 ^ 1. 

The details of this length function are contained in |GS2 . Prop. 1]; it suffices to mention here 
that 

1. [JwJ : J} = q e 3 (“) for all w £ fl' a . 

2. If W\,W 2 £ UJj satisfy £' 3 (w\) + l' 3 (w 2 ) = £ 3 {w\W 2 ), then Jw\ J ■ J 1 U 2 J = 

For a minimal expression w = s' tl ■ ■ ■ s' ir in f l' a , the braid relations in Hf allow us to define a 
canonical Hecke operator T w = T,^ ■ ■ ■ Ti r supported precisely on the double coset JwJ. From 
the quadratic and braid relations, we have the explicit isomorphism H~ —»• H~ given by Tj 1 —> LU 
As in the proof of Theorem EU one can show that = H as Hilbert algebras, hence 
Lemma P will give the coincidence of Planclierel measures. □ 




Corollary 2.5. The isomorphism = H preserves the formal degree of the Steinberg repre¬ 
sentations of the respective Hecke algebras. 

Remark. A change in conductor will yield an identical Hecke algebra isomorphism. If the con¬ 
ductor is even, the minimal type rf is isomorphic to the one employed here and the computation 
of the Hecke algebra would go through essentially unchanged. If the conductor is odd, the mini¬ 
mal type t~_ 1 is isomorphic to the one used here, so some modification would be required in the 
computation of Hff. The reader is referred to [GS2] , where Gan and Savin use an odd conductor 
in their computation of HI under the assumption that p 7 ^ 2. 


3. Equivalence of categories between Uj and <Sq 

In the category of smooth genuine representations of Sp(IU), let be the component contain¬ 
ing the even/odd Weil representation In the category of smooth representations of SO(U ± ), 
let Sq be the component containing the trivial representation. 
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We will prove our main theorem, namely that there is an equivalence of categories between 
Cqt and Sq and an equivalence of categories between Qif and 5^. Our proof essentially follows 
that of I GS21 . 

3.1. Equivalence between and Sq~. Let U (resp. U~) be the unipotent radical in Sp(W) 
generated by positive (resp. negative) root groups. Let B = TU C Sp(W) be the preimage of 
the Borel subgroup B = TU of Sp(W). (Recall that the unipotent radical U splits in Sp(W).) 
An element t of the maximal torus T may be expressed uniquely as 

f (hi ■ ■ ■ ) t n ) ^2ei (f 1) ' ' * ^2 e n (j'n ) 7 

hence we have a canonical lift of t given by 

t — ^2ei (tl) ' ’ * ^2e n ifn')- 

With this convention, multiplication in T is given by 

n 

t - ZZ — (t, u) f ZZ — (tj,ZZz) /Z2e^(^z^i); 

z=l 

where the cocycle (f,zz) £ {±1} is the product of Hilbert symbols (fj,zq) on k. 

Recalling the action of T on Y by ty = (fiz/i,... , t„z/„), the Wi/,-action of t on S(Y) is given 

by 

= /3 t |detf| 1/2 0(fz/), 

where /3t is a 4th root of unity satisfying f3 t (3 u = (f, zz)/3t„. 

Given a character \ = (yq ,... ,Xn) on T, we define a genuine character on T by 

X(t) = 

We extend this character trivially to all of B and define I(x) to be the normalized induced 
representation Ind By Frobenius reciprocity, 

(3-1) Hom^ (w) (7r, J(x)) ^ Hom f (ttu , x ), 

where zr is any smooth representation of Sp(W) and irjj is the normalized Jacquet module with 
respect to the Borel B. 

Lemma 3.2. The component j) is precisely the component whose irreducible representations 
are submodules of I(x) for some unramified character %. 

Proof. The functional l : S(Y) + —>• C defined by /(</>) = 0(0) factors through the Jacquet module 
(utpc/ and gives a non-trivial element in Honiy((w(J))! 7 , \) for some unramified x> which gives an 
embedding oTj) C /(y) via Frobenius reciprocity. □ 

The Iwahori subgroup I admits a factorizatioin 

I = hj-Irhh 

where Iy- = I n U~, It = I flT, and Ijj = I fl U. 

Now let us define the “Jacquet module” (t 0 )(7 of r 0 with respect to Iu\ that is, ( t 0 )u is the 
quotient of the S(L 0 /2L 0 ) by 

(r o (zz)0 - 0 : zz G I v , 0 G S(L 0 /2L 0 )), 

which may be viewed as a representation of It- 
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Lemma 3.3. The space {to)u is one dimensional and spanned by the image of the characteristic 
function of 2 Lq. Moreover each element t £ It acts by /3t on (tq)u- 

Proof. Suppose that (f> £ t 0 is supported on a + 2L 0 for a £ L 0 \ 2L 0 and let i be such that 
Oj £ O x . The element x 2ei (l) acts on (j> by the constant ip(af) / 1. Therefore, the image of <f in 
(tq)u is trivial. 

On the other hand, if <f> is the characteristic function on 2Lq, then hj acts trivially on cj> and 
t£ It acts by t(j>(y) = Mfty) = M(y)- □ 

Theorem 3.4. The functor from the category Q~ to the category of -modules, given by 

7T i-A (n <g) TqY, 

is an equivalence of categories. In particular, there is an equivalence of categories between 
and <Sq” given by the isomorphism H^ = H + of Hecke algebras. Furthermore, this equivalence 
preserves the temperedness and square integrability of representations. 


Proof. We have the natural surjection 

r : (tt ® Tq Y -A- (tt v 0 ( Tq)uY t , 

which is a slight variant of what is called “Jacquet’s Lemma” in |B2l 64-65]. (To prove our 
version, one can follow the argument there. Also, see m Prop. 3.5.2].) 

We first show that r is an isomorphism. Suppose that v £ kerr, i.e., that there exists an open 
compact subgroup U v of U such that f rj n(u)vdu = 0. 

For a translation A = (Ai,..., A n ) in D C fi a , write 

A = h 2tl (w Al ) • • • h 2en (w Xn ) 

as its representative in T. Take A £ D such that Ai > ... > A„ > 0 and A 1 /j/A A U v . Then, 

q e M 

I\I= y A uj 

i=1 


where the Ui are representatives of the Iu -cosets in A 1 Ijj A. Let T\ be the Hecke algebra element 
supported on IXI obtained using a minimal expression for A 6 O a as in Theorem 12.II Then, 

n(T\)v = 7t(A) n ( u i) v = 71 W / _ n(u)vdu = 0. 

i=l X _1 Iu^ 

The element T\ is invertible, as it is the product of invertible elements, hence v = 0 and r is 
injective. 

Let 7r be an irreducible representation of Sp(W) such that (tt 0 Tq) 7 ^ 0. As r is an iso¬ 
morphism, (ttjj 0 (t { ZhY T r£ 0. This implies that Homj;(7r(7, x) 7^ 0 for some unramified %, 
since t £ It acts by fit on (tq)u- Therefore, by Frobenius reciprocity, we have that 7r is a 
subrepresentation of /(%). 

Conversely, let 7r be an irreducible submodule of I(x) f° r some unramified %. By Frobenius 
reciprocity, we have that 

0 7 ^ (nu 0 (tq)uY t = (tt 0 TqY- 

Thus, condition (iii) of [BK ; , 3.11] is satisified, which proves the equivalence of categories. 

To complete the proof, we note that, as categories, 


S<f = H + -modules = iJ^-modules = G 


*il> ■ 
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moreover, the trivial representation of SO(V + ) corresponds to the trivial module of H + = H^, 
and hence to the even Weil represntation od~. 

Under this equivalence, the preservation of the temperedness and square integrability of rep¬ 
resentations follows from Lemma n~2i □ 

Remark. In [GS2j . the preservation of the temperedness and square integrability is shown by 
using Casselman’s criterion. In this paper, it is an immediate corollary of Lemma |1.21 once the 
Hecke algebra isomorphism Hff = H + is shown to be an isomorphism of Hilbert algebras. 

3.2. Equivalence between Qff and Sq . Consider the partial flag 

X n C X n -i C ... C X'2 

where X, is the fc-span of e»,... ,e„. Let P = MN be the parabolic subgroup which is the 
stabilizer of this partial flag. Let W\ be the symplectic subspace spanned by {ei,fi} so that 
Sp(Wi) = SL 2 (k). Define to be the Weil representation of Sp(Wi), realized as a representa¬ 
tion in the space This representation decomposes into even and odd parts; the odd part 

oj^p 1 is supercuspidal. 

Let P = MN be the preimage of P in Sp(IU). Each element m £ M is uniquely written as 

m = mi ■ h 2 e 2 (t 2 ) ■ ■ • h 2e „ (t n ) 

where ti £ k x and mi £ Sp(IUi). For each tuple of characters x = (X2, ■ • -, Xn), we define a 
genuine representation u>^ ® x of M in the obvious way. We set 

J Kyi ® X) = Ind| p(W) (w^ jl <g> x) 

to be the normalized induced representation. For a smooth representation n of Sp(JU) and 7 Tjv 
its normalized Jacque module, we have Frobenius reciprocity: 

(3-5) Homgj (M/) (7r, J(w“ 1 ® x)) = Hom^ir N ,u}^ t <8> x)- 

Lemma 3.6. The component Qis precisely the component whose irreducible representations 
are submodules of I(u^ 1 ® x) f or an unramified character x- 

Proof. The functional l : S(Y)~ —> S(kf±)~ defined by restriction of functions from Y to 
fcfi factors through the Jacquet module (ujT)n- Therefore, there is a non-trivial element in 
Homjy((w^)v, wl 1 ®x) for some unramified x, which gives an embedding C J(x) via Frobe¬ 
nius reciprocity. □ 

Theorem 3.7. The functor from the category Qfi to the category of Hif -modules, given by 

7T >-*■ (7T <g) (rf)*)^, 

is an equivalence of categories. In particular, there is an equivalence of categories between Qff 
and Sq given by the isomorphism Hff = H~ of Hecke algebras. Furthermore, this equivalence 
preserves the temperedness and square integrability of representations. 

Proof. Let Jm = JCiM and Jn = J HN. As in the previous subsection, we define the “Jacquet 
module” (rfi)N with respect to Jn, which we view as a representation of Jm- Recall that 

rf = S(0/2m0)~ ® S(O n ~ x j2wO n -^), 

and hence, 

= S{<D/2wO)~ ® 
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where the second factor is the Jacquet module from the previous subsection in rank n — 1. 
Therefore, (Tf)jy is an irreducible representation of Jm- 
We have the natural surjection 

r : (t r0 (Tf)*) J -S- (npf ® {t^)* n ) Jm . 

Just as in Proposition 13.71 one can show that r is injective, which together with Frobenius 
reciprocity shows that (n ®> (t 1 _ )*) J ^ 0 if and only if tt is a submodule of ® x) for some 

unramified Hence [BKl (3.11)] implies the equivalence of the categories. 

As before, the preservation of the temperedness and square integrability of representations 
follows from Lemma ro □ 

Remark. As a final remark, let us mention that in [GS21 Sec. 15 and 16] it is shown that the 
theta correspondence preserves unramified Langlands parameters, which relies on another work 
jGSli of Gan and Savin. The only obstruction to remove the p / 2 assumption from [GSl] ■ 
however, is the Howe duality conjecture, which was recently proven by Gan and the first-named 
author in IOT for the case at hand. Hence, everything discussed in [GS2l Sec. 15 and 16] holds 
without the assumption p / 2. 
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